REDUCIBLE VON NEUMANN GEOMETRIES

IN MEMORY OF MAURICE AUDIN
BY

ISRAEL HALPERIN

1. Content of this paper. Given any irreducible von Neumann geometry L
and any complete Boolean algebra B we shall construct a particular reducible
geometry B(L) which has its centre isomorphic to B and is such that each Iwamura
local component of B(L) contains a sublattice isomorphic to L. If B is finite or if
L is compact (in the dimension topology) each Iwamura local component is
actually isomorphic to L.

We shall use a point-free generalization of the constructon given in [2, §6].

A von Neumann geometry (briefly, a geometry) Lis a complemented modular
lattice containing at least two elements which is complete and satisfies von Neu-
mann’s lattice continuity conditions [6, pp. 1, 2, Axioms I-IV].

Our construction of B(L) is valid and yields a von Neumann geometry when- '
ever (i) B is a Boolean algebra, (ii) Lis a complemented modular lattice, and
(iii) on Lis given a real valued function D(a) such that 0 < D(a) £ 1 for each
aeL, D(0) =0, D(1) =1, and D(a U b) + D(a N b) = D(a)+ D(b) for all a,be L.
Thus B(L) should be denoted more precisely as B(L,D). However, as von
Neumann showed [6, Part I, Chapter VII], if Lis a von Neumann geometry and
irreducible (as defined in [6, p. 3, Axiom VI]) such a dimension function exists
and is unique.

2. Preliminaries. Asin [2] we use the function d(a,b) = D(a U b) — D(a N b)
defined for all a,be L. We have: d(a,a) =0, d(a,b)=d(b,a) =0 for all a,b in L
(we do not exclude d(a,b) =0 for a # b). As in [5, p. 102; 1, pp. 76-77], we
have, successively,

dlaVc, bUc)+danc,bnc)
= Dlaubuc)—D(aUc)n(buUc)
+ D((anc) U(bUc)) — D(anbnc)
< Dlaubuyuc)—D((anb)uUc)
+D((aub)nc)y—Da@anbnc)
(since in every lattice, (a Uc) N (bUc)Z(aNb)Ucand (a Nc)U(bNc) £ (aUb)Nc)
= D(a U b) + D(c) — (D(a N b) + D(c)) = d(a,b);
* Received by the editors April 5, 1962.
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d(a,b) + d(b,c)
d(a U b,b) + d(b,a Nb) + d(bUc,b) +d(b,bNc)

(1

daubuc,buc)+dbUcb)+dbbnc)+dbnc,anbnec)

daubUc,anbnc)

v

dlaJc,anc)=d(a,c);
dlanc,bNnd)+davc,bUd)

IIA

danc,bNne)y+dbnNe,bNd) +dlaVe,bUc)+dbUc,buUd)
< d(a,b) + d(c,d).

3. Construction of B(L). A set of nonzero disjoint elements in B, u = {b}
with supremum = 1 will be called a partition. If u,v are partitions then uv de-
notes the partition consisting of all nonzero b N ¢ with beu, cev.

A function f defined for all beu with values in L will be called a partition-
function, more precisely, a u-function. If f is a u-function and g is a v-function
then fU g, f N g will denote the uv-functions with values f(b) U g(c), respec-
tively, f(b) N g(c) for nonzero b Nc(beu,cev). We define d(f,g) to be
sup(d(f(b), g(c)) | beu,cev,bNc#0). Clearly, if h is a w-function then
(fUQUh=(fUh)U(gUh).

We shall call f = {f"} fundamental (or a fundamental sequence) if each f" is
a partition-function and d(f",f™) — 0 as n, m - . Because of the results of §2 it
follows that if f = {f"} and g = {g"} are fundamental, then as n,m —» oo, d(f",g™)
converges to a limit, which we denote d(f,g); d(f.f) =0, d(f,g) =d(g.f)=0,
fug={ffugitandfng={f"Ng"} are both fundamental, d(f,g) =
d(fUg,fNg), and if f, g, h, k are fundamental, then

d(f.g) £ d(f.h) + d(h.g),
d(fng,hnk) = d(f,h) + d(g.k),
d(fUg hVk) = d(f,h) + d(gk).

If f,g are fundamental we write f = gif d(f,g) =0and f<gif d(fUgg) =0
(equivalently, fU g = g). Clearly, d(f,g) =d(f1,g,) if f=f, and g = g;.

The relation = is easily seen to be an equivalence relation on the set of funda-
mental sequences; from now on we identify each fundamental sequence with its
equivalence class. With this identification, we denote the set of fundamental
sequences (or their equivalence classes) by B(L).

Clearly B(L) is ordered by the relation f < g defined above and B(L) has a zero
(namely, f = {f"} where for each n, f"(b) is defined for b =1(eB) with value
0 (€ L)), and a unit (namely f={f"} where for each n, f"(b) is defined for b = 1(e B)
with value 1(eL)).
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LemmA 1. If f,g are in L(B) then fU g, fNg are effective as sup(f,g),
inf(f,g), respectively, and L(B) is a modular lattice.

Proof. (fUg)Uf=fUgso fUg=f. Similarly f U g = g.On the other hand,
if h is fundamental and h = f, h = g hold, then because of §2, d(h U(f\U g),h)
SdhVf,h)+dhUgh)=0+0=0s0o h=fUg. Thus fUg is effective as
sup (f,g). Similarly fN g is effective as inf(f,g).

LeMMA 2. L(B) is complemented.

Proof. Let f be a given fundamental sequence. By using an equivalent
fundamental sequence {f"} we may suppose (i): each f" is a u,-function for
partitions u, such that bewu,, ceu,.,, bNc#0 implies ¢ < b, and (ii):
d(f%f"*') < 1/n? for all n. Then we need only find u,-functions g for n =12,
with the properties g"(b) Uf"(b) = 1, g"(b) Nf™(b) =0 for each beu, and
d(g", g"*Y) S d(f", f**1). This g = {g"} is necessarily fundamental and by Lemma
L,sup(f,g) =fYg=1,inf(f,g) =fNg=0, so gis acomplement of f in B(L).

Thus we need only show: for any n = 1 and b € u,, given a, = f*(b), a, = g"(b)
with a; Ua, = 1(eL), a; Na, = 0(e L) and given a; = f"*!(c) forsomeceu,,,
with ¢ < b, there exists a, € L such that a3 Ua, =1, a3 Na, =0 and d(a,,a,)
= d(a,,a;). For then we can define g"*'(c) = a,.

As shown in [2, Lemma 6.9], a, can be chosen as

[a; —((a; Ya3) Nay)] V[a; —(a; Nay)]

([¢ — d], defined for d < ¢, denotes any (fixed) relative complement of d with
respect to ¢). With this a,,

azVa, = [a,—((a;Vaz)Nay)]Va,Vaz=a,Ya, Va;=1;
azNa, = azN(a;Vaz)Na,=az;N[a;—(a;Nay)]=0;
d(ay,a,) = D(a,V[a; — (a; Nas)]) — D([a; —((a; Yas) Nay)])
= D(a,) +D(ay) —D(a, Najz) — D(a,) + D((a; Yasz) Na,)
= D(a,) — D(a; Na3) + D(a,Yas) + D(a,) — D(a; YasVa,)
= D(a; Ya;) — D(a; Nay) + 1 —1=d(a,, a;).
LeMMA 3. L(B) is complete.

Proof. We need only show that for any given set of fundamental sequences
{f, | a eI}, the supremum exists in L(B). Since L(B) is known to be a lattice we
may replace {f,|a eI} by the set of all {f;|s < I, s finite} where £, = | J(f,]|x€5).
For each m we choose m(s) by induction on m so that m(s) > (m — 1)(s) and
a(f7.f7) < 1/m for all m, p = m(s).
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We shall now define a fundamental sequence g = {g"} and then verify that
this g is effective as sup{f;}. We shall define g "to be a u,-function with partitions
u, such that beu,, ceu,,,, bNc#0imply ¢ < b.

Let u, consist of the single element 1 and set g'(u;)=0 (e L). This defines u,
and g'.

Suppose for some n > 1 that uy, -, u,_;, g',---,g"~ ' have been defined. Then
for each aeu,_, we shall choose certain nonzero disjoint b < a and define
g"(b) for these b in such a way that the set of all chosen b (for all aeu,_,) will
form a partition u, and g" will be a u,-function.

We shall actually define n subsets of {b}, namely a, -, a,,--,a; and define
g"(b) for bea,, as follows.

Choose a} to be a maximal set of nonzero disjoint b < a such that for each
beal! there exist s, m, ¢ with m =n(s), fo(c) defined and b <c, and
D(f(c)) 21— 1/n, and set g'(b) =f7(c).

If a) - ,a," have been defined for some 1 < r < n then let

d=a-|Jb|beayu- Ua,)

and choose a*! to be a maximal set of nonzero disjoint b€ B with b < a such
that for each bea,*! there exist s, m, ¢ with m = n(s), f7(c) defined and b<c,
and D(f7(c)) 2 1 — (r + 1)/n, and set g"(b) = f7(c).

Clearly u,={b|be(ar U--- Uay),aeu,_,} is a set of disjoint beB, with
each b < someacu,_,. We shall see now that u, has supremum in B equal to 1.
Suppose, if possible that for some aeu,_,, sup(b|b e(@u-va))=d#a;
then a — @ # 0. Then for any s, and any m = n(s) there is some c for which f7'(c)
is defined and ¢ N (a — a@) # 0. Then this b = ¢ N (a—4a) could be adjoined to aj,
contradicting the maximality of a;. Thus supu, = a for every aeu,_,, hence
supu, = 1, so u, is a partition of B. Clearly g, is a u,-function.

Next we shall see that {g"} is fundamental. Indeed, if g"(b) and g"(c) are de-
fined with b N ¢ # 0, n > m, then b < ¢, D(g"(b) U g"(¢)) = D(g"(¢c)) + 1/m since
each a is maximal, and D(g"(h)) = D(g"(c)) — 1/m = D(g"(b) U g™(c)) — 2/m.
Hence

D(g"(b) L g"(c)) — D(g"(b) N g"(c))

2 D(g"(b) L g"(c)) — D(g"(b)) — D(g"(c))
1 2 3

m m m

IIA

So d(g", &™) -0 as n,m — co. This means that g = {g"} is fundamental.

Next we show that g = f; for each s. We need only show that d(g Uf,, g) =0;
hence we need only show that d(g™ U f™,g™ —»0as m— .

Suppose g"(b) and f™*)(c) are defined for some bNc#0. Then
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D(f7(c) U g"(b)) < D(g"(b)) + 2/m so d(g"Uf7,gM<2/m and - 0 as
m — o0, as required.

Finally, we shall show that if h is fundamental and h = f; for all s then h = g.
Suppose h = {h"} and choose n(h) so that d(h™ h”) < 1/n for all m,p = n(h).
Then d(h™ Uf?,h™) < 2/n if m 2 n(h) and p 2 n(s). Hence d(h™ U g",h™) < 2/n
if m = n(h) since each g"(b) = f?(c) for some s and some p = n(s) and some ¢ = b.
Hence d(h™ U g™, h™)—> 0 as m — co. Thus h = g as required.

This completes the proof that B(L) is complete.

LemMMA 4. L(B) is ascending-continuous.

Proof. We need to show that if f, < f; for alla < < Q for some limit ordinal
Q, then fN|J(f,|a < Q) ={J(f Nf,|a < Q). Since L(B) is complemented and
modular it is sufficient to show that if f N f, = Ofor each « then f N | J(f, |a € I)=0.

Let g = J(f, |« 1) be formed as in Lemma 3. Then since f N f, = 0, it follows
for every a that D(f™(b) Nf;(c)) < 2/n if m = n(f) and m 2= n(a), where n(f) is
chosen sothat d(f™",f?) <1/n if m,p=n(f), and n(x) is chosen so that
a(fe.f8 <1/n if m,p = n(a), and b,c are elements e B such that f™(b),f7(c) are
defined and b Nc # 0.

Now if g"(a) is defined then g"(a) = f7(c) for some &, some m = n(«x) and some
¢ for which a < ¢ and f7(c) is defined.

Hence d(f" Ng™,0)<2/n if mzn(f) and m=n, and so—-0 as m — oo.
Hence d(f N g,0) =0so0 f N g=0. This proves Lemma 4.

LemMMmA 5. L(B) is descending-continuous.

Proof. If {f,|aeI} are given, we form g =(")(f,|x€I) by a procedure dual
to that used in Lemma 3. Then Lemma 5 can be verified by an argument dual to
that used in Lemma 4.

THEOREM 1. L(B) is a von Neumann geometry.

Proof. This is a restatement of Lemmas 1-5.

Remark 1. If Lsatisfies a chain condition, that is, Lis the direct sum of a
finite number of discrete (=finite dimensional irreducible projective) geometries
then the proof of Theorem 1 can be simplified; in this case B(L) coincides with
the set of all partition functions.

REMARK 2. If D(a) > O for a # 0, B(L) contains a sublattice L which is lattice
isomorphic to L namely the constant sequences f, = {f;'} with f%(b) defined for
b=1 and f;(1) = aeL, for all n. The mapping f, <> a is a lattice isomorphism.

REMARK 3. Let B, be the Boolean algebra consisting of 0,1 only and suppose
D(a) > 0if a # 0, so By(L) is a von Neumann geometry containing L (isomorphic
to L) as a sublattice. Then By(L) =L if and only if L is a von Neumann geometry
and D(| J(a, |« < Q) = sup(D(a,)|a < Q) whenever a, < a;foralla < g < Q.
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ReMARK 4. If Lis a von Neumann geometry and D(a) > 0 for a # 0 and
D( (g, | < Q) = sup(D(a,) | < Q) whenever a, < g, for all « < f < Q, then
Z the centre of L is a complete Boolean algebra isomorphic to a finite measure
algebra (then Z cannot contain a noncountable set of nonzero disjoint elements).

REMARK 5. We could construct B(L) in terms of an arbitrary family of given
dimension functions D; (in place of one function D) but then to obtain a von
Neumann geometry B(L) we would need to use fundamental filters f (in place of
fundamental sequences). We omit the details.

We shall call a fundamental sequence {f"} distributive if whenever f"(b) is
defined its value is distributive in L (zeL is called distributive in L if
zN(aUb)=(zNa)u(zNb) for all a,beL). It is clear that the distributive
fundamental sequences form a sublattice of B(L) which is isomorphic to (and
henceforth will be identified with) B(Z) = B(D,Z) where Z is the Boolean al-
gebra of all distributive elements in L (in any complemented modular lattice,
the set of distributive elements coincides with the centre of the lattice).

LEMMA 6. f is distributive in B(L) if (*)f is equivalent to an element in
B(Z). If Lis a von Neumann geometry then f is distributive in B(L) if and only
if (*) holds; the centre of B(L) is B(Z).

Proof. The first part of Lemma 6 follows from the definitions of fU g, f N g.

On the other hand, if f= {f"} is distributive in B(L) then for each n let
q, = sup {inf {d(f"(b),z)|z€Z}| all b for which f"(b) is defined}, let z(b)eZ
be chosen so that d(f™(b),z(b)) < g, + 1/n and let f"(b) be defined, = z(b) for
each b for which f"(b) is defined.

If g, — 0 as n— oo it will follow that f={f"} is fundamental,e B(Z) and f = f,
as desired.

Thus to prove Lemma 6, we may assume that for some fixed ¢ > 0: g, > ¢
for an infinite number of n and we need only derive a contradiction (assuming
that L is a von Neumann geometry). Now for some n,, and for some b, for which
S (by) is defined: (i) d(f™(bo), z) > ¢ for all z e Z and (ii) for all n = n, the ¢, for
which f"(c,) is defined and ¢, N b, # 0 satisfy d(f"(c,),f"(b,)) < &/4.

But for any a,c in L, the constant sequences g={g"}, h={h"} with
g"(1) = a, h"(1)=c for all n, are fundamental; since fis distributive in B(L) hence
d(fnEvh), (fngVU(fNh)=0,so

d((f"(cn) N(a Y 0)), (f"(cn) Na) Y (f(cy) N €)= 0
as n— oco. Hence
d(f™(bo) N(a Vo), (f"(bo) Na)V(f*(bo) Nc)) < ;

Thus to obtain the desired contradiction we need only show: if be L with
d(b,z) > ¢ for all zeZ then there exists a,ceL such that
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d(b N(ave), (b Nna)U(bNc) > g

Thisis shown in the following lemma, which completes the proof of Lemma 6.

LeMMA 7. Suppose that L is a von Neumann geometry with a dimension
function D(a) such that 0 < D(a) < 1 for all ae L, D(0)=0,D(1)=1 and
D(a U b) + D(a N b) = D(a) + D(b) for all a, b in L. Then for any b in L,

inf{(D(bU z) = D(bN2))|zeZ} < D(bN(aUc)—D(bNa)U(bnc))
for some a,ceL.
Proof. It is sufficient to exhibit a,c€ L, z, € Z such that
D(bUzy) —D(b Nzy) =D(bN(aUc)—D((bNa)u(bnc)).

For this purpose let h be any complement in L of b. Apply von Neumann
[6, Part III, Theorem 2.7] to b and h. Then there exist disjoint elements ¢,,e, € Z
such that

b=b,;Ub, with by =bnNe,b,=bNe,,

h=h1 Uh2 With hl =hﬂel,h2=hﬂez,

and h, is perspective to some b, < b, and b, is perspective to some k, < h,.
Hence for suitable x, y in L,

hyUx=bUx=h Ub;; hyNnx=b,Nx=0;
h,Uy=b,Uy=h,Ub,; hyNy=b,Ny=0.

Seta=h;Uh,,c=xUy. Then

DbN(@auc)—D((bNa)V (bNc))

D(b N (hy U hy Ux Uy)) — D((b N (hy U ky) U N (x Uy

D(b, N(hy UX)) + Dby n(h, Uy)) -0

D(b,) + D(b,) = D(h;) + D(by)

D(e,) — D(b,) + D(b,)

D(b Ue,) — D(b Ney).

Since e, is in Z, Lemma 7 (and hence also Lemma 6) is established.

THEOREM 2. If L is an irreducible von Neumann geometry and B is a
complete Boolean algebra, the centre of B(L) is isomorphic to B.

Proof. Suppose that b€ Band let f, = {f}} be the constant sequence with f}(b),
S5(1 — b) defined, =1, 0, respectively, for all n. Then the mapping b« f, is clearly
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a (1,1) lattice isomorphism of B onto a sublattice of the centre of B(L) since
d(fp,f)=D1) #0if b #c.

On the other hand, suppose f is in the centre of B(L). We may suppose
f={f"} with {f"} a distributive sequence. Now for any n, if f"(b) is defined, we
must have f"(b))=0 or 1 since L has centre consisting of 0,1 only. Let
b= U(b |f7(b) = 1). Then d(f",f™) = D(1) if b"+# b™ Hence for some ng, b" is
constant, = b say, for all n = ny and f is equivalent to the constant sequence f,.

This proves Theorem 2.

4. The Iwamura local components of B(L). Iwamura [3; 4], defined local
components for any von Neumann geometry L with centre Z in (essentially)
the following way.

First, write: | f | < 1/r to mean that r is a positive integer, fe L and there exist
independent elements f=f,f5, -, f,in L such that each f;is perspective to f.

Next, let p be a maximal dual ideal of Z. This means: p = Z and p has the fol-
lowing properties:

(i) bep,ceZ, c = b together imply ce€ p;

(i) be p,ce p together imply b Nce p;

(iii) O¢ p;

(iv) p is maximal with properties (i), (ii), (iii).

Next, define f< g (at p) to mean: f,ge L and for any relative complement
h=[(fYg) — g, and for each integer r > 0, there exists some b, in p such that
|b, nh| < 1/r. Define f= g (at p) to mean: f< g (at p) and g < f (at p) both
hold.

Then as Iwamura showed, the relation ‘= (at p)>’ is an equivalence relation
in Land if f is identified with its equivalence class, the set of equivalence classes
is ordered under the relation ‘< (atp)’’ and is an irreducible von Neumann
geometry, denoted L/p. We shall call L/p the Iwamura local component of L
at p.

Throughout the rest of this section we shall assume that Lis an irreducible
von Neumann geometry, that D denotes its (unique) dimension function, that B
is a complete Boolean algebra and that p is a maximal dual ideal of B. For each
ceL, f,={f%} will denote the constant sequence with f7(1) defined and equal
to ¢ for all n.

We shall prove:

THeoReM 3. IfL isan irreducible von Neumann geometry and B is a complete
Boolean algebra then Lis isomorphic to the subgeometry of all f, in B(L) (at p)
under the mapping c - f..

LemMA 8.  With the hypotheses of Theorem 3, if f, < f, (at p) then a Zc.

Proof. Let e=[(aUc)—c]. Then f,=[(f,Yf)—/f.] For every integer
r> 0 there exists some bep for which |bNf,| <1/r. This means: there are
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elements f; = b Nf,,f,, -, f, independent in B(L) and elements g,,--, g, in B(L)
such that g; Uf, =g;Uf; =1, g;Nf; =g;Nf;=0 (in B(L)) for j = 2.

We may, without loss of generality, suppose that for each n there is a partition
u, and f; = {f7}, g; = {g]} with u,-functions f} and g.

For each n choose an element b, € u,. Then as n — co:

D(g}(b,) U e) - 1, D(gj(b,) US](by)— 1,
D(g}(b,) Ne) >0, D(gj(b,) Nf}(by)—0,

and for 2<j<r,
i-1
D(f;(b,,) N (U 1(by) Ue))—» 0.
i=2
It follows that for2 < j < r,

D(f"(b,)) - D(e) as n —» o,

and
D(e Uf3(b,) U --- Ufyb,)) - rD(e) as n - oo,

Since D(a) < 1for all aeL, rD(e) < 1, D(e) £ 1/r.

Since D(e) < 1/r for all r >0, e =0 and so a < c as stated.

Proof of Theorem 3. Obviously a < b implies f, £ f, (at p); Lemma 8 shows
that f, < f, (at p) implies a < b. It follows that the mapping ¢ —f, is an isomor-
phism of Land the subgeometry of B(L)/p consisting of the elements of the form
fe

We shall call an irreducible von Neumann geometry L compact if for each
integer n there exist a finite set of elements a,, -+, a,, € L (m=m(n)) such that for
each be L: min(D(a; Y b) — D(a; N\ b) | i=1,--.,m)<1/n; in other words, L is
compact in the metric topology

d(a,b) = D(a U b) — D(a N b).

It is easy to see that L is compact if and only if for each real number o
(0 £ 2 £1) the set of elements of dimension « is compact (or empty); if Lis a
discrete (that is, projective finite dimensional) geometry, this condition is equi-
valent to: the number of elements in Lis finite.

We shall prove:

THEOREM 4. If Lis an irreducible von Neumann geometry and B is a com-
plete Boolean algebra, the Iwamura local components of B(L) are all isomorphic
to L if either the number of elements in B is finite or L is compact.

LeMMA 9 (VON NEUMANN [5, p. 107]). Every irreducible von Neumann geo-
metry Lis a complete metric space under the metric: d(a,b)=D—(aUb)— D(aNb).
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Proof. Suppose that d(a,a,)—0 as n,m— . Choose a subsequence
Ay(my> With n(m) < n(m + 1) for all m = 1,2, -+ such that d(@,gmy, Guem+1)) < 1/m.
Then a =ﬂ,,‘:°= 1 (U;’°=,,,a,,(,)) satisfies: d(a,a,m)—0 as m-— co and hence
d(a,a,) —0as n— oo,

LemMA 10. Supposethat L is an irreducible von Neumann geometry and
a,b,,ce Lwith by<aVUc,anc=b;,Nnc=anb;=0 and D(a) = D(c). Then
for some bz b;: aUb=buUc=aUcand anb=bnNc=0.

Proof. Let a,=an(b;Yc), ¢c;=cnN(b; Va). Then
a, Vb, =@ub)N(cuYb)=c YUb,
= a |V Cy, Q4 nbl =b1 ﬁcl=cl ﬂal =0.
Now let a, = [a — a;], ¢; = [¢ — ¢;]. Then D(a,) = D(a) — D(a,) = D(c) — D(c,)
=D(c,),a, Nc, =0and (a, YUc,) N(ay Uey) = 0. Hence for some b, < a, Uc,
we have a Ub2=02 sz =4a, UCZ and as nb2=02 nbz =0.
It is easily seen that b = b, U b, satisfies the requirements of Lemma 10.

LEMMA 11. Suppose that Lis an irreducible von Neumann geometry, B is a
Boolean algebra, f = {f"} is in B(L), and for some r =2, D(f"(b)) £ 1/r for
all n and b for which f*(b) is defined. Then |f| < 1/r.

Proof. We may suppose each f* is a u,-function with partitions u, such that
beu,, ceu,,;, bNc#0 imply ¢ £ b. By using a suitable subsequence of the
f™ we may also suppose that X.>_, d(f"f"*") < . Denote f as f;.

We shall show that for some fixed constant k < oo, we can define, for each n
and each b e u,, valuesin L, fj(b), g5(b), j = 2,---,r so that

f1(b),---,f(b) areindependentin L,
®,) gj(b) U f1(b) = gj(b) U f}(b) = f1(b) L f}(b),
gi(b) N f1(b) = g3(b) N fi(b) = 0,
and so thatif n > 1and beu,_,,ceu, and ¢ < b, then
d(g;~(b), g3(c)) < kd(f".f"*),
Q) A5 (B), £ S kd(". ™).

It will follow that g; ={g}},f; = {f7},j=2,--,r, are all in B(L), that f,---,f,
are independentin B(L) and for j = 2, f; is perspective to f;. This will show that
|f| £ 1/r as required.

We define f7(b), gj(b) for all beu, by induction on n. For n =1, we choose
arbitrarily £ (b), g}(b) for all beu,, to satisfy (P,). This is possible since
D(fi(b)) £ 1/r for all beu,.
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Now suppose for some n =1 that gi(b), f;(b) are defined for all beu, and
satisfy (P,). Then we define g,“(c) f’,'“(c) for all ceu,,q,and j=2,--,5,-,7
by induction on s as follows, so as to satisfy (P,+,) and (Q,+,).

Let 25%'(c) = g5(b) Nf1"'(c). If D(g3b)) — D(g5""(c)) 2 D(f{*(c)) choose

g5+ (c) arbitrarily < g5(b) but with g3*(c) Nf*!(c) = 0 and

D(g5* () = D(f1**(¢))-

Otherwise, choose g5"'(c) = [g3(b) — 237 (c)] Uh3"!(c) where R%'(c) isany
element in L with h3*"!(c) N(g5(b) Uf1"!(c)) = 0 and D(g3*'(c)) = D(f** (c)).
Such an element h%*'(c) exists since in the present case, D(g3(b) Ufi*(c)
< 2D(f1H(e)).

Now g571(c) Nnfi*'(c) = 0. Let /3" (c) =f3(b) N (g3 (c) Uf1*'(c)) and let
(SO =GN (@) V(5 () N ().

Then D(f3"")c)— D(f3)"**(c)) £ D(fy"*(c)). Choose

770 =2 71 QUi and = 0 - ()" (0]
and so that
3N e =12 ONf1 () =0

and 3 (o) Ugy i (0) =11 ) Ugiti(c) =2 (c) UfrtY(c). This is possible
because of Lemma 10.

Now suppose for some s =2,--,r—1 that f;*'(c),g}*'(c) have been defined
for all 2 < j < s so that: f1%'(c),--,f2*"(c) are independent, f7*'(c) U gi*'(c)
=70Vt e =110 Ug;“(c) and f1* 1 (0)Ng (0 = £ (gl (o)
= 0. Then define g'11(c), f*11(c) as follows.

Let 2;11(0) = &1+1(B) N(f1T(Q) U - UST*!(c)). If D(gls4(b)) — D(Z:11(c)
2 D(f,*(c)), choose giii(c) <g5(b) but with giii(c)Ngiii(c)=0 and
D(g211(c)) = D(f3**(c)). Otherwise, choose

gi11(9) = [gl+1(b) — 31OV AII)

with K3 1(0) N(ghe 1(b) U171 (e) U -+ Uf5+1(e)) = 0and D(&L(c)) = D(f1* ().
Such an element h7} }(c) exists since in the present case,

D(gl+ (D) VT (U Ui ) S(s+ /rS L
n+1

Now {g511(c), f17'(¢),+»f3"'(c)} are independent in L. Let f71i(c) =f2,(b)
N(g11(0) VST () and let (£ )" (0) = (fi 1 NELL ) V(1110 N f1  (e).
Then D(f311(c)) = D(fi+1)"" () £ D(f1*!(c)). Choose f211(c) < gf (c)U
fI () and 2 [f331(0) = (F5+1)"" ()] and so that f311(c) N ghi1(e) = f111(0)
N1 e)=0 and f31{(c) U g1 i() =17 () U g0 =f111(0) Uit (o).
This is possible because of Lemma 10.



358 ISRAFL HALPERIN [May

Now by induction on s, (P,,,) will be satisfied. As for (Q,.,), we calculate:
either d(g3(b), g5 '(c)) Sd(f1(b), f1"*(c)) or (since D(Z5*'(c)) < d(f1(b), £ 1*'(c)))
d(g3(b), g5 1(0)) £ 2d(f1(b).f1 ().

Next,

D(f3(b)) — D(f3*(c)) £ d(g3(b), &5 "(c)) + d(f 1(b), f17*(c))
< 3d(f1(b), f177()),
D((f3 Y"1 () £ 3d(f1(b), f17'(e)),

hence d(f3(b).f5"(c)) < 12d(f1(b).f " (c)).

Similarly it can be verified that (Q,,,) holds for soms constant k which is
independent of n.

Thus Lemma 11 holds.

LeMMA 12. With the hypotheses of Theorem 4 suppose that f = {f"} is in
B(L), p is a maximal dual ideal of B, and for an infinite number of n: f" is a
a u,-function and some b, € u, satisfies b, € p. Then for some ce L, f =f. (at p).

Proof. Replacing {f"} by an equivalent sequence we may suppose that for
each n: f"is a u,-function and b,€ u,, b, € p hold.

Since d(f"(b,), f™(b,)—0 as n,m— oo it follows from Lemma 9 that
d(f"(b,),c) >0 as n— oo for some ce L.

We shall prove, with this element c, that f = f, (at p). As in the proof of Lem-
ma 2 we may suppose that g" = [(f" Uf7) — (f" Nf2)]is chosen in such a way
that g = {g"} satisfies g = [(f Uf.) — (f Nf)]in B(L).

To show that f = f, (at p) is equivalent to showing: for each r > 0 there exists
some be p for which |[gNb|<1/r.

Choose a fixed s so that D(g°(b,)) < 1/2r and d(g°,g") < 1/2r for n = s. Then
b, Ng={b, N g"**} satisfies the hypothesis of Lemma 11, hence |b, N g| < 1/r.
This proves Lemma 12.

COROLLARY. If b, is an atom in B and p consists of all be B with b = b,
then B(L)/p is isomorphic to L under the mapping c —f. of L onto the subgeo-
metry of all f, in B(L) (at p).

Proof. Assume given f= {f"} in B(L) with f* a u,-function. Then for some
(unique) b,eu,, b, = b, and hence b,ep. Lemma 12 applies and shows that
f =f. for some ce L. The Corollary now follows from Theorem 3.

Proof of Theorem 4. If B has only a finite number of elements, every max-
imal dual ideal p is determined by some atom, as in the hypothesis of the co-
rollary to Lemma 12, and for this case, Theorem 4 follows from the corollary
to Lemma 12.

Suppose now that Lis compact and for each n, choose a,,:-+,a, (m=m(n))
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in Lso that for each c in L,d(a;,c) < 1/n for at least one i. Given any f= {f"}
in B(L) with f" a u,-function set, for each n,

b} = U(b | f7(b) is defined and i is the first index for which d(a;,f*(b)) < 1/n)

and define g = {g"} by g"(b]) =a, (i=1,---,m). It is easy to see that g=f in
B(L) and for every maximal dual ideal p and each n, one of the b} € p. Hence
Lemma 12 applies andfor the case of compact L, Theorem 4 follows from
Theorem 3.

This completes the proof of Theorem 4.
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